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Problem 1.34

Express the solution of the initial-value problem

el <acdd - 1) (x;; - 2) (di - 3) y(@) = f@), y(1) =y'(1) =" (1) = y"(1) = 0,

as an integral.

Solution

Because the differential operator acting on y is factored, we can solve the ODE by constructing
the corresponding system of first-order ODEs. Let

(- s)m o

Then the ODE simplifies to

Let

so that the ODE simplifies to

de \  dx
Let
LI 3)
d Y2 = Y3
so that the ODE simplifies to
vy = £(2)
d:z:yS =

Our aim now is to solve for ys, y2, and y; successively and end up with a first-order equation for y
that we can solve relatively easily. The equation for ys is straightforward to solve.

d,Iw

3
dx T

Integrate both sides with respect to z.
xT
r
yg(x) = / fi)dr + Cl

Now that we know ys3, we can solve for y2. Plug the solution in to the right side of equation (3)
and expand the operator on the left side.

d X
T——Yo — Y2 = / /) dr + C4
dx r
Divide both sides by x.
d 1 1 [* C
Yo = / @ dr + 71
T r x

dz? " %
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This is a first-order inhomogeneous ODE that can be solved with an integrating factor.

- B
Izeflfgds :eflnz _ elnz 1 :.%‘71

Multiply both sides of the equation by this integrating factor.

1d 1 “fr) O

PR dr _,_7

z dx :1;2 r

The left side is exact and can be written as d/dz(ly2) as a result of the product rule.

ACORET I

Integrate both sides with respect to z.

1 r1 o
ygz/ 2/ f(r)drds—g+C'2
x s r x

Multiply both sides by x to solve for .

x):a;/ 12/ &drds—CH—i-ng
5 r

Now that we know y2, we can solve for y;. Plug the solution in to the right side of equation (2)
and expand the operator on the left side.

d r1 [
xdy1—2y1—:z:/ 2/ @drds—C&—i-ng
s r

d 2 Tl [® C
y1—y1=/ 2/ 1) drds — — + Cy
dx T s T T

This is a first-order inhomogeneous ODE that can be solved with an integrating factor.

Divide both sides by x.

_2 _ -2 _
I = 6'/ Sds —e 2Inz _ elna: _ 2

Multiply both sides of the equation by this integrating factor.

ld 2 _1/x1/sf( 01 C’z
2 dxyl x3y1_:c2 52 r

The left side is now exact and can be written as d/dx(Iy;) as a result of the product rule.

d f(r) i | O
d:v<x2y> 1‘2/ 82/ ddiiJri

Integrate both sides with respect to z.

f(r) Ci Oy
b [ [ g GG,
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Multiply both sides by 2 to solve for yj.

T t s
x)—wQ/ 7512/812/ fgjq)drdsdt—i—c;—ng—i-ngz

Now that we know y;, we can solve for y. Plug the solution in to the right side of equation (1)
and expand the operator on the left side.

xzﬂ 3y_x/nﬁ/1§/)f

Divide both sides by x.

d 3 1t f(r) C1

This is a first-order inhomogeneous ODE that can be solved with an integrating factor.

I = efxfgds _ 6731nx _ (Elnav_3 _ 3773

Multiply both sides of the equation by this integrating factor.

1 d f(r) Cl Cy  C3
oy Vrasar+ &L — €24 &8
23 dz” 4y x2/ t2/ 32/ + 204 a3 * x?

The left side is now exact and can be written as d/dx(Iy;) as a result of the product rule.

d f(r) Cl Co O3
— drdsdt + —L — 22 1 53
dx( ) :B2/ t2/ 82/ + ZL'3+1‘2

Integrate both sides with respect to .

f Cl CQ Cg
ac3y_/ u2/ t2/ 32/ d ds dtdu 2x2_?+04

Multiply both sides of the equation by z3 to solve for y.

—x/ 2/ / /f dr ds dt du 9+@—ng + Cya®
u 2 ) s

Introduce new constants of integration, A, B, C, and D, to simplify the right side.

r u ] tl s
a:):x?’/ u2/ 152/ 82/ fEOdrdsdtdu—l—A%—Bm—l—CxQ—l—Dx?’

Now that we have found the general solution for y(x), we have to use the four initial conditions to
determine the four constants of integration. We’ll start with the first one, y(1) = 0. Set the lower
limit of the u-integral to be 1 so that the integral term vanishes when x = 1 is plugged in.

y(1)=A+B+C+D=0 (4)

With the first initial condition applied, y(z) becomes

x 1 u 1 t 1 S
x):x3/ 2/ 2/ 2/ £(r) drdsdtdu+ A+ Bx + Cz? + Da>.
1 U t s T
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Take the first derivative of y to use the second initial condition, y'(1) = 0.

S A B AN (D) L1 "1 [°f(r)
_ 2.2 3

+ B+ 2Cx + 3Dz?

Set the lower limit of the t-integral to be 1 so that the second integral term vanishes when z =1
is plugged in.
y(1)=B+2C+3D=0 (5)

With the second initial condition applied, y'(z) becomes

T u ] tl s r 1 t 1 s
'w):?)w?/ u2/ t2/ 82/ fgar)drdsdtdu—l—:v/ t2/52/ JtY)drdsdt
1 1 1

+ B+ 20z + 3D2>.

Take the second derivative of y to use the third initial condition, y”(1) = 0.

D A A A (D o1 [F1 [P 1 [ f(r)
”1:):61:/1 u2/1 t2/ 52/ " dr dsdt du + 3z :62/1 752/82 " dr ds dt
z 1 tl s 1 z q s
+/ 2/ 2/ f(r)drdsdt—f—l‘z/ 2/ &drds-l-QC-l-GDx
1t S T T s T

Set the lower limit of the s-integral to be 1 so that the fourth integral term vanishes when z =1
is plugged in.

y'(1) =2C+6D =0 (6)
With the third initial condition applied, y”(x) becomes

1) E
—63;/ u2/ t2/1 32/ d?“dsdtdu—l—él 8—2 dr dsdt

1 S
/2/ f drds+2C+6Da:.

Take the third derivative of y to use the fourth initial condition, y"(1) =

Mgy — $1/u1/t1/sf(7"> 1/x1/t1/5f(7“)
Yy (:1:)—6/1 el Al . drdsdtdu+6$x2 2] ¥ " dr ds dt
L =1 [ f(r)
x2/1 52/ . drds
_1/””1/Sf(7“) /f
22 |, s2 r a:a:2

Set the lower limit of the r-integral to be 1 so that the fifth integral term vanishes when z =1 is
plugged in.

y"(1)=6D=0 (7)
Solving equations (4), (5), (6), and (7) for the constants, we find that A =0, B =0, C' =0, and

D = 0. Therefore,
T 1 U 1 t 1 S
x):xs/ / / / L(T) dr ds dt du.
v our )y 2 ) st
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